Abstract. Considering the limitations of the static buckling theory on the eccentric wear of sucker rod and tubing, a new dynamic analysis method for the transverse vibration of sucker rod in the tubing is proposed. Taking the axial distribution load at the rod body and the dynamic load at the bottom into account, the dynamic model of transverse vibration is established based on the space buckling configuration of rod string which regarded as the deformation excitation during the down stroke. To solve the mathematical equations, the finite difference method is used to discretize the well depth, and the Newmark-beta method is used to discretize the time. Meanwhile, a restitution coefficient is introduced to depict the change of velocity and the momentum after the collision. The result shows the phenomenon of rod-tubing collision occurs mainly in the down stroke after the rod string post buckling; the collision force from the wellhead to the bottom increases gradually, of which distributed almost along the entire well depth; and the high frequency collision occurs below the neutral point where the collision force is also the biggest. Further, the collision frequency and the collision force decrease successively from the neutral point to the wellhead direction. But during the up stroke, few collisions occur, and the collision force is also very small. The simulation model is suitable for the eccentric wear analysis of rod-tubing, and provides a new theoretical basis for the optimal allocation of the centralizer.
Introduction
The field statistics show that the rod-tubing eccentric wear phenomenon in the tubing is the main cause of rod-tubing failure and the pump checking in vertical wells. At present, the analysis of rod-tubing wear has followed the static buckling mechanics theory for a slender rod in the cylinder [1] [2] [3] . Namely, when the pressure load of rod at the bottom exceeds the first static buckling critical load, the sucker rod will produce buckling and cause the eccentric wear with the tubing inner wall. As we know, the sucker rod below the neutral point is considered as a compressive bar [4] [5] [6] [7] also the theory eccentric wear area. Based on the above static buckling theory, the centralizer optimal design method anti-eccentric wear was established and used extensively [8, 9] , namely, to install the centralizers below the neutral point of sucker rod string. Here, the gap distance between the centralizers was designed through taking the two adjacent centralizers unbuckled as the constraint condition. The method has effectively prevented or reduced the rod-tubing eccentric wear at the bottom of the compressive part. But surprisingly, the eccentric wear phenomenon is obviously upward in the actual oil well. Although the centralizers at the bottom sucker rod have increased the sucker rod downward hydraulic resistance and led to the neutral point and the eccentric wear points a small shift, the actual eccentric wear position is significantly higher than the theoretical neutral point according to the variation of the actual measurement suspended indicator diagram. So, the current static buckling theory of sucker rod cannot give the reasonable explanation of the rod-tubing wear phenomenon.
Indeed, the centralizers equipped at the bottom sucker rod have prevented or alleviated effectively the bottom rod-tubing wear, but not prevented the rod buckling, so the whole sucker rod is still in the state of buckling. Considering the radial clearance between the centralizer and the inner wall of the tubing, the buckling configuration of the sucker rod string has been changed after centralizers allocated. Obviously, for the sucker rod in vertical wells, the overall sucker rod is buckled when the resistance of the rod string at the bottom is bigger than the critical buckling load no matter whether the centralizers are equipped or not. Namely, the rod string has generated transverse displacement in this case [10] [11] [12] . In the author's opinion, the transverse buckling deformation of the sucker rod stimulates the sucker rod to produce the transverse vibration in the tubing and cause the collision friction with the tubing inner wall. The collision friction below the neutral point is more serious, and above the neutral point or even the whole wells also produce rod-tubing collision. So, after the rod string below the neutral point equipped with centralizers, the rod above the neutral point has become the new weak point and produce eccentric wear or even wear off.
The rod string dynamics in petroleum engineering had been studied extensively by many experts and scholars: the longitudinal vibration of sucker rod [13, 14] , the transverse vibration of traditional pressure bar [15, 16] and moving beam [17, 18] , the transverse forced vibration of riser under tension [19] [20] [21] , the transverse vibration and collision problems for wellbore under fluctuating pressure [22] [23] [24] [25] . However, the research on the transverse vibration triggered by the buckling deformation excitation seems to have not been discovered so far. In addition, the following cases are considered: (1) The environmental load of sucker rod is complex, there is not only the non-uniform axial distribution force, but the bottom load varying with the bump speed, which shows the tension as well as the pressure state and the tensile force dominated. (2) The transverse vibration of sucker rod is triggered, and the rod collides with the tubing inner wall with the collision point changing with time. The above-mentioned complex load is considered globally in this paper, further, the simulation method of sucker rod transverse vibration in the tubing and the eccentric wear of rod-tubing are established. The method provides a new theoretical basis for the eccentric wear analysis of rod-tubing and optimal configuration of the centralizer.
Mechanical model
For the convenience of study, the following assumptions and simplifications are considered: 1) The sucker rod string is an elastic rod, and the wellbore center line is coincident with the rod string center line in the vertical well.
2) To establish the coordinate system from zero point of the wellhead, the axial distribution load of sucker rod in well depth is ( ). The bottom of sucker rod is subjected to periodic loading ( ).
3) The sucker rod is a homogeneous single stage rod, and the influence of the connectors and centralizers is neglected.
4) The influence of the longitudinal vibration and torsional vibration on the transverse vibration is not considered.
5) The space buckling configuration of rod string at a given moment is considered as the deformation excitation of rod string.
Under the above assumptions, the transverse vibration mechanics model of sucker rod is shown in Fig. 1 . The buckling deformation diagram is shown in Fig. 1(b) . The bottom load of sucker rod ( ) adopts the result of the wave equation for the longitudinal vibration. The wave equation [26] is expressed by:
Mathematical model

Transverse vibration equation of sucker rod string
Under the assumption that the viscous damping force in oil for the sucker rod at any point in the transverse direction and is ∂ ∂ ⁄ . By the force and moment balance of rod string in the plane and plane, the mathematical equation is obtained as follows:
Boundary conditions
The displacement and the rotation angle at the top of sucker rod string are constrained by the wellhead, so the top boundary condition is simplified as a fixed end. Similarly, the displacement and the rotation angle at the bottom are restrained by the pump barrel, so the bottom boundary condition is simplified as a sliding fixed end. Thus, the boundary conditions at both ends of sucker rod can be expressed by:
Initial condition and deformation excitation
Assuming that the initial state of sucker rod string is natural and static, and the suspension point of rod string is at the bottom dead center, the initial condition of the whole system at time = is satisfied by:
The space buckling of sucker rod will occur at a moment during the down stroke. Here the buckling configuration is regarded as the periodic deformation excitation for the rod transverse vibration. In other words, when ( ) exceeds the space buckling critical load at time during the down stroke, a continuous contact area of the rod-tubing starts to appear, and the space buckling configuration at this time is just the deformation excitation of rod string transverse vibration. Considering the energy for each period will be partly dissipated due to the system damping, the deformation excitation will be applied once a period at time + according to the superposition principle of small deformation.
Collision condition
Taking the th node of the sucker rod as an example, the node is regarded as a particle with the quality whose coordinate is ( , ) on the cross section. When the transverse displacement is satisfied by + ≥ , the rod collides with the inner wall of tubing. During the transient process, the radial velocity is reversed in direction with a weaken reverse speed due to the frontal collision, while the tangential velocity are changeless in magnitude and direction. After the collision, the node displacement falls on the inner circumference of the tubing as shown in Fig. 2 . Correspondingly, the node displacement collision conditions can be given by:
where:
Fig. 2. Velocity change during the collision
Taking the node in the first quadrant as an example, shown in Fig. 2 , the relationship of velocity change before and after collision is analyzed. Since there is only the change in the radial velocity during the collision, the relationship between the radial velocity and the tangential velocity can be satisfied by:
The velocity after the collision can be regarded as the initial velocity at the next moment through decomposing it into two coordinate directions. Therefore, when ≥ , the velocity after the collision can be expressed by:
When < , the post collision velocity will become, as follows:
The collision recovery coefficient (0 < < 1) is related to the material of two collision bodies, steel to steel is 0.56, iron to lead is 0.14, steel to the naked rock is 0.1 [27] .
Though the collision force generated by the rod-tubing collision is extremely large and the instantaneous value is difficult to measure in the process of collision, the dynamic impulse S can be used to estimate the impact strength, which is satisfied by the impulse theorem. When the precision of calculation is not required perfectly, the collision time related closely to two solid materials can be determined by the empirical value obtained by experiments [28] . In this paper, the material of sucker rod and tubing all belongs to the alloy steel and can be chosen as 0.03 s. Therefore, the average value of collision force during the collision time by the impulse theorem can be obtained by:
The collision process is divided into the extrusion time and recovery time . It is assumed that the collision time is just a time step, the following equation can be satisfied:
Simulation method
Eq. (4) is a variable-coefficient and higher-order differential equation with the variable and being coupled together. Therefore, the analytic solution cannot be obtained by using the separation variable method. In this paper, the numerical solutions are obtained by combination of two methods of Newmark-beta method and difference method [29] [30] [31] [32] [33] .
First, the finite difference method is used to separate the space variable and Newmark-beta method is used to discretize the time variable . The whole sucker rod is divided into elements and + 1 nodes, the corresponding nodes number is = 0, 1,…, . The space node step is ℎ, the time step is .
The difference expressions about two fixed boundary nodes can be obtained by the central difference method, as follows:
Taking the plane as an example, the all-order derivative in the direction is rewritten by the difference form. The difference forms of the fourth-order derivative on each node can be expressed by: 
Similarly, the difference forms of first-order and second-order derivative on each node can be expressed respectively by:
= 2ℎ ,
The Newmark-beta method is used to discretize the time, and then the following assumptions are made:
where, and are the adjustable parameters according to the integral accuracy and stability requirements. When ≥ 0.5 and ≥ 0.25(0.5 + ) , the Newmark-beta method is an unconditionally stable format. Here we let = 0.5, = 0.25. { } ∆ and { } ∆ by Eq. (16) can be obtained by:
The vibration differential equation at time + ∆ according to the Newmark-beta method can be expressed as:
Substituting Eqs. (16) (17) into Eq. (18), the equation about ∆ can be obtained by:
{ } ∆ can be obtained by solving Eq. (19) . { } ∆ and { } ∆ can also be got by Eq. (17). It is assumed that ≤ , ( ) = constant, we give out the discrete form of Eq. (2) in the following:
where represents the transverse displacement of th space node and th time node on the -axis.
Engineering simulation examples
Basic parameters
The basic simulation parameters are listed in Table 1 . In addition, the change rule of the bottom load ( ) with time is shown in Fig. 3(a) , the corresponding neutral point position is shown in Fig. 3(b) , the deformation excitation of buckling configuration is applied at time . Among these parameters, the bottom load ( ) can be transformed into an analytical expression about time by Fourier series transform. 
Simulation result analysis and experiment verification
Substituting the above basic parameters into the simulation model, we can get the following simulation results. 
Variation law of collision force
The variation regularity of collision force with the well depth and time in 10 full cycles and 150 seconds is obtained in Fig. 4 and Fig. 5 . Fig. 4 shows that (1) the collision force is distributed almost along the whole well depth. In each movement period, the collision occurs mainly on the down stroke, and the collision force increases with the increase of the well depth and reaches the largest near the bottom. (2) Under the larger damping coefficient, the collision force shows approximately the periodic variation law. (3) The collision force each stroke is in the same or close level with the error of curve peak value being shown within 15 %.
From Fig. 5 , it can be found that the collision frequency is higher and the collision force is bigger from the neutral point to the bottom than above the neutral point. The collision force and collision frequencies become smaller and smaller from the neutral point to the wellhead. In all, the collision mainly occurs during down stroke with the collision force almost being distributed throughout the whole well. The collision below the neutral point is the fiercest and collision force is the biggest. The simulation results have well explained why the eccentric wear phenomenon still happens although centralizers installed below the neutral point. Indeed, the eccentric wear phenomenon at the bottom or below neutral point has been improved well after centralizers installed, but disappointingly, the position points above the neutral point become the new weakness points. Fig. 7 shows that the transverse trajectory within = 1-150 s in different well depth points. The sucker rod does not collide with the tubing wall near 20 meters from the wellhead with the low amplitude vibration around the center of the well. Near 100 meters from the wellhead, the less collision has appeared between the rod and the tubing. Then the stronger and stronger collision is produced from 400 meters to the bottom of well with the most intense vibration in 960 meters. It can be deduced that the regularity of the rod-tubing contact or collision area varies from free-collision to weak-collision, and then strong-collision from the wellhead to the bottom bump. Except tens of meters near the wellhead, all the rest position points have produced rod-tubing lateral collision, and the collision is more and more intense with the increase of well depth. Different from the static buckling theory, the rod section above neutral point also produces the relatively strong rod-tubing collision. Fig. 8 shows that the bending deformation of sucker rod at different times in the same period. Before the buckling deformation excitation is applied, the rod also produces small amplitude transverse vibration displacement and small collision probability with the inner wall of tubing. After the buckling deformation excitation is applied, the rod string has produced strong space transverse vibration and almost continuous collision phenomenon below the neutral point. It is known that the load ( ) acted at the bottom of the rod string will change from negative to positive, namely pressure state to tension after the down stroke, the buckling of the rod string will disappear. However, it can be found from Fig. 8(a-d) that the residual deformation of transverse vibration produced by the buckling deformation excitation during the previous cycle will transmit toward the wellhead in the form of the gradually weakening spiral wave until the buckling configuration excitation is applied again, and so on reciprocating periodically. 
Transverse vibration trajectory
Bending configuration at different times
Experiment verification
In order to further validate the correctness of the simulation results in this paper, the comparison of three groups of data is shown in Table 2 : the measured data of pump inspection in an oilfield in early 2017, a traditional static method and the result in this paper. Further, the eccentric wear of rod string in oil field, which has been equipped with the centralizer in the middle and lower part of sucker rod, is shown in Fig. 9 . We can see from the data the eccentric wear areas of rod-tubing in the oil field have a great dispersion without obvious regularity. From the wellhead to the pump, the eccentric wear of rod-tubing can happen anywhere, which is determined by many factors, such as wellbore conditions, swabbing parameters and so on. The simulation results about the rod-tubing eccentric wear in the last column in Table 2 is in fully consistent with the experimental results of last third column, however, the results obtained by the static method in last second column are partly consistent with the experimental results. Therefore, we can say that the simulation method in this paper is correct and more convincing. In the future, we will also take some advanced experimental method to test the response of this structure to validate the numerical simulation further, such as wireless sensor networks [34] [35] [36] [37] [38] [39] . 
Conclusions
The transverse vibration model of sucker rod string under the space buckling deformation excitation is established in the tubing. Based on the model, the finite difference method and Newmark-beta method are used to solve the equations, and the collision effect between rod and tubing being is fully considered. The nonlinear dynamics simulation of rod-tubing collision under transverse vibration in the vertical well pumping is realized well.
The phenomenon of rod-tubing collision caused by the transverse vibration occurs almost along the whole well depth. The collision force increases gradually from the wellhead to the bottom. Collisions below neutral point are most fierce, and gradually decrease from the neutral point to the wellhead.
The phenomenon of rod-tubing collision occurs mainly during the down stroke and after post buckling with the high collision frequency and large collision force. However, the collision phenomenon is few and collision force is small during the up stroke.
The periodic transverse vibration is completely described with a complete cycle in this paper. The residual deformation of transverse vibration produced due to the buckling deformation excitation during the previous cycle will transmit toward the wellhead in the form of the gradually weakening spiral wave until the buckling configuration excitation is applied again.
A new method is provided for analyzing the rod-tubing eccentric wear. The simulation results are in good agreement with the engineering practice and better explain the rod-tubing eccentric wear not only occurs below the neutral point also the above the neutral point. So, the centralizers are positioned below the neutral point can effectively prevent or reduce eccentric wear of rod-tubing at the bottom compressed section of rod string, but after the centralizers are positioned, the position points above the neutral point even near the wellhead become the new weak points who have not get the protection of the centralizer. The simulation model of transverse vibration excited by the buckling deformation of sucker rod string is suitable for the eccentric wear analysis of rod and tubing, and provides a new theoretical basis for the optimal allocation of the centralizer.
